9 - \._’ 5 ." )\/ ."1 ;e ‘.i‘/‘, ."\ \ - "~_ ‘//1 ) ;\;’ _ I \ j . / . BN
\\"Li ‘/ R B \f‘",':i ,‘ /, . 4 - STy Y \ "’" ‘-) L x 565 ." 430
N A R S ""%y/}*ﬁ.' . \ PREPR1NT

o~ . . ~ /} s ‘ ~ - - it

- N - Lo ) . S s ‘
S, L - PR o S . )

S TP TS s ML o ~7~~ﬂ

. ~ S . n . (r o s ' ‘\l i

L - . RN . RN Lo Lo ,‘\ '
K e . . N . e N - ! A ’ N e
- \ h N R - . BN
N .
4 ! -~
. .

S !

2 R
A

R I THE ATTITUDE DETERM!NATION .

AR v o OF A THREE AXES - : ;‘;ﬂ_{\ -
e T STABII.IZED SPACECRAFT .
/‘(\ N : S (/\ y . <\;. LA »/.’: ’1

"/;'l'ff“l/’ B T ' .  _ o {,
R A PR S AI CHUN FANG e L
,,,,, } P T .'\.’

; N n72-1.()5230 (NASA Tﬁ—x—ésmu) THE ATTI’I‘BDE

PRI I O DETERMINATION OF A THREE AXES STABILIZED .
SR P SPACECRAFT A.C. Fang (NASA) Sep. 1971 -
© 7 - 1 | Unclas 15 p CSCL 22B B

SO g7 08687 G3/21)

ol L LoE TR eTE L ) T P SV

N - T - NOV1971

ol 7w . 7, SEPTEMBER 1 71» :
. S N ) o ‘ ) O ‘\/ 9 . B ECE}‘VED
o - : : ST oo WSk ST FaciLy
. . N oo A VoaeX S Repmdu_clt_aEcHNchL W
. L " NATIONAL
s O ) 0 I':IFORMATION SERVICE

N h Sprmgﬁeld va. 22151 ,
. ,/ .

- v

--—- ‘GODDARD SPACE FLIGHT CENTER\ —

- \\\\\: ., - GREENBELT,MARYLAND -~ . =

b oo Sy _W72-/05%0 R

(ACCESSION NUMBER) é"ﬁ(mku) T o :
/S S

5 S
3 b
Vit -

e NG P2 N2 {PAGES) (CODE) SR
R ST S iy 02 V2R B
x«.\.l'\-\‘g, U ~ L L = T X“’ é c72, - .

N A : Z <"~ 1 G (NASACRORTMX OR AD NUMBER} (CATEGORY) o N

\ﬁﬁ? - = " - -
G R N v

B f '/ N - C _

N s - K
~ , 7



THE ATTITUDE DETERMINATION OF A THREE
AXES STABILIZED SPACECRAFT

by

Ai Chun Fang
Telemetry Computation Branch
Information Processing Division

Tracking and Data Systems Directorate

X-565-71-430
Preprint



Page intentionally left blank



PRICEDING PAGE BLAN

CONTENTS

ABSTRACT. . ... .ot v e e O

INTRODUCTION . .2 evvv.. R
COORDINATE AXES DEFINITIONS. .+ 2 s v o v v evvnnnsaacanesennnnsnnsss
THE ATTITUDE DETERMINATION EQUATIONS . o\ vvvues oo
EULER ANGLE TRANSFORMATIONS. ... vvvrnncnes e
APPLICATION .« evvvennonncnensnnns e e
CONCLUSION . v vvvevonss e R .

REFERENCES. ..o v 0. BN e

ii1

K NOT FILMED

o s s s s e
..
e s 00 s v o
. D
PR .
........
« o s



Page intentionally left blank



PRECEDING PAGE BLANK NOT FILMED

THE ATTITUDE DETERMINATION OF A THREE
AXES STABILIZED SPACECRAFT

by
Ai Chun Fang
Telemetry Computation Branch
Information Processing Division

Tracking and Data Systems Directorate

ABSTRACT

This report presents an approach for attitude determination of a three axis sta-
bilized spacecraft. It describes the employment of two independent vectors whose com-
' ponents withrespect totwo reference coordinate axes can be known. Suchtwo coordinate
| axes are right-handed three mutually orthogonal axes systems of which one is fixed in
the spacecra.ft and the other has known orientation in space. The relationship between
these two systems are then expressed into mathematical equations with the use of those
two reference vectors. By computing the derived equations, the attitude of the space-

craft can therefore be obtained.



THE ATTITUDE DETERMINATION OF A THREE
AXES STABILIZED SPACECRAFT
by

Ai Chun Fang
Telemetry Computation Branch
Information Processing Division

Tracking and Data Systems Directorate

INTRODUCTION

Assume that there is a first coordinate system fixed in the spacecraft and the spacecraft is
stabilized about all three axes. Also assume that a.second reference coordinate axes is being

used whose orientation in space is always known. The attitude control system of the spacecraft

is required to provide the stabilization and to maintain the alignment of the first system to the
second coordinate axes. Any deviation of the first system from the second one is detected by
the sensing instruments on-board the spacecraft. The gomplete sensor data are then employed
to determine two independent vectors in space, such as the sun's position vector and the earth's
magnetic field. These vectors are applied to obtain the attitude of the spacecraft. This report
presents the analysis of the attitude determination of such a spacecraft and the formulation of
required. mathematical equations. The application of this approach is also discussed and shown

in- simple example.

Coordinate Axes Definitions

For convenience, it is necessary to make the following definitions:

(a) The Spacecraft Body Axes.—The spacecraft body coordinate axes X, y, z is a set of right
handed mutually orthogonal axes fixed in the spacecraft with their origin at the center of mass. It

is referred as first coordinate system mentioned above.

(b) The desired Orientation System.~This system X, Y, Z with its known orientation in
space is called the second reference coordinate axes sometimes. The orientation of this orthogonal
axes system is always the desired one for the spacecraft body axes. That is, the x, y, 2z axes are

to align with-X, Y, Z respectively if there is no attitude error.



(¢) Orbital Coordinate Axes.—The orbital coordinate axes X, Y, Z, is used only for the
spacecraft with circular orbit., This system has its center at the instantaneous location 0, of the

spacecraft with

X, = spacecraft's velocity vector
Y, =normal to the orbital plane
7 = the downward local vertical defined as the unit vector from the location of the spacecraft

to the center of the earth,

(d) The inertial coordinate system is an earth center right handed orthogonal system such
that the Z, axis coincides with the north pole and the X; Y; plane is the equatorial plane in which

X, axis passes through the vernal equinox.

The Attitude Determination Equations

It is assumed that the direction cosines of the reference vectors in the desired system X, Y,
Z are known and that in the X, y, z axes have been determined. The attitude of the spacecraft can
thus be obtained by utilizing the information of these reference vectors.

Suppose that the transformation taking the desired orientation system into the body axes is

S;:A 5(.+A ?-{»A 2 (1)

'

Let V be a reference vector in space and let

Vx V1
[V]b = Vy , and [V]d =1V, (2)
Vz V3

be the components of V in the body axes and in the desired coordinate system respectively. Then

Vi=A VX+A, VYA, VZ
Viy=4, V:X+A,, V-Y+A,, V- Z
Vez=A, V-X4A, VY4A, V-Z



This means
Ve T ALV HAL Y, ALY,
v, = A21 V1 + A22 V2 + A23 V3 (3)
v, = Ay V4 A, V) AV

Equation (3) implies that any vector V inthe X, Y, Z system written in column form, may be trans-

formed into x, y, z system by the application of the matrix [A]. That is

v, | rﬂ

v_i= [A] v, (4)
Yy
vz V3
where
All A12 A13
(Al = |A,, A, A, (5)
A31 A32 A33

The matrix [A] is defined by the coefficient A (i, j = 1, 2, 3) in equation (1) and is now to be

determined.

Since [A] is a 3 X 3 matrix, it requires three reference vectors for obtaining the solution of
A
computed and also that (D}, [El, and [Fl, have been obtained. By applying equation (4) to.the

. Let 5, E, and F be such required three vectors. Suppose that [D],, [E], and [F], are

ij

vectors 13, ﬁ, and F respectively, it yields

--—Dx.1 rDl-T
D | =[A] |D, (6)
L7 ] X
FEXT —EI‘W
E | = [A) |E, (7)
B B
and
F, | F,
Fy = [A] F2 . (8)
F, | s




Combining these three column matrix equations into a single square matrix equation, gives

Dx Ex Fx Dl El Fl
D E, F,|=I[Al |D, E, F, (9)
Dz Ez Fz D3 E3 F3

It may be written in this simple notation

(B] = [A) [Q) (10)
where
_Dx Ex ij
(Bl=|D, E F,
1P B
and
P)‘ E F|
[Ql= |D, E, F,
D; By F |

If the determinant of [Q] is not zero, then [Q] is non-singular and possesses an inverse [Q]71.

By multiplying the matrix equation (10) with [Q]™!, gives

[B] Q17! = [A] [Q] [QI7!
or

(A] = [B] [Q]™* (11)

It should be noticed that knowing two reference vectors D and E the third vector F can be
defined from them. For simplicity, let D and E be unit vectors. By defining

the column matrix [F], and [F] are

D,E, -D,E,
[Fly = = |D,E, -D E, (12)
D, E, -D,E,




F D.E -D E
y 'z r Ty

=
o

i

o)

1

DE -DE
z Tx x Tz

F, D E -D E

If = is the angle between vectors D and I_'f, the angle » is calculated from

cosp =D E +D2E2+D3E3

Then the matrix (Q] can be written as

and its determinant is

If » # 0, then

The matrix [Q] is non-singular and has an inverse [Q]™! where

[Qt-_1

D, E D,E -D,E,
fQ}=|Db, E, DE -DE
D, E, D E,-D,E

det [Q] = |Q] =sin? 7y

o]l £ 0

D -E cosy D, -E, cos g

E, -D, cosn E,-D,cosy

sin? n

Now equation (11) becomes

All Al2 A13 Dx
A A, A l=_1 D
21 22 23 - D)
sin® 7
A31 A32 A33 LDl

This directly shows

E DE -DE
z X Xll

D, E, -D,E,

Ds }1:1 - D Es

E, DyEz_DzEy‘l I’Dl-Elcosn

’El—chosn

z E3 ’D3 Ez

B, DB -D,E| D,

D3 -E3 cos 7
E, - D, cos 7

Dl E2 ~D, E1

D,jE, cos 7 D, -E  cos 7

E, -D, cos 7
D, E

-DE, DE,-DE

A, ={® D, +E E)- (D E +D E)cosn+ (D E ~D E)®,E, ~D E)}/sin?n

A12 = {(Dx b, +E E,) - (D, E,+D,E)cosn+ (Dy E -D, Ey) (D, E, - D, E?’)}/sin2 7

A, = {(Dx D, +E E;) - (@D E; +D;E)cosn+ (Dy E,-D, Ey) (D, E,~-D, El)}/sin2 7

!‘:3—])300577|

(13)

(14)

(15)

(16)

(17)



A, = {(Dy D, + Ey E) - (@, E, +D, E)cosn+®E -D E)®,E, - D, E)}/sin? 7
A, = {(Dy b, + }':3y E) - (Dy E, +D, Ey) cosn+ (@ E -D E)®DE - D, EN}/sin? 7
A, = {(Dy D, +E,E;) - (D, E; +D,E)cosn+ (D, E -D E)DE,- D, E)}/sin? 7
A= {(, D +E, E)~(D,E +D E)cosn+ (D E, -D E) (D, E; -D, Ez)}/sinz.n
A32 = {(D, D,+E E)-®DE,+ D,E,)cosn+ D, Ey - Dy E) D E - D, Ea)}/sin2 m
A, = {(Dz D, +E, E) -~ (D, E, +D, E ) cos 7+ (D, E -D E) (D E,-D, EI)}/sin2 7 (18)

From the above equations the deviation of the body axes from the desired orientation system can
therefore be known. For FORTRAN program, equation (17) is recommended.

Euler Angle Transformation

The attitude error of the body axes x, y, z from the desired orientation system X, Y, Z can
be represented by a sequence of three Euler angle rotations. The first is that a rotation about
axis p through angle ¢, the second about axis q through angle ¢ » and the third about axis r through
angle é . Thus there are twelve different sequence of Euler angle rotations that can be formed such
as 121, 123, 131, etc. However, any one of them is available for choosing to represent the space-
craft attitude. For instance, let the sequence 312 be selected. That is, yaw angle y around the
Z axis, roll angle ¢ about the displaced X axis, and pitch angle ¢ about the doubly displaced Y
axis (see figure 1). The notation to be used for the matrix which periorms each of these three

Euler rotation is

I—cosnlz sin ¢ 0]
R W)= |-siny cosy 0

0 0 1

El —_

(] 0

R(@® =0 cos¢ sin ¢

0 -sing cosqb_j

—

rcos@ 0 -sinéd

Ry (& = 0 1 0

sind 0 <cos ¥



Therefore

Vx Vl

vo| =R (O R RW |V, . (19)
vl_‘ V3J

By comparing equation (19) with equation (4) it gives

[A] =R (8) R, (#) R,())

or
cosf 0 -siné || 1 0 0 l‘cosu/ cing 0
[A] = 0 1 0 0 cos¢ sing || -siny cosy O
singd 0 cos 6 0 -sing cos¢ 0 0 1
cos fcosyy-sinfsindsiny cosfsiny +sinfdsindcosy -sinbcos¢
= ~cos ¢siny cos ¢ cos ¢ : sin¢ (20)

sinfcosy —cos fsindsiny sinfsiny -cos fsingcosy cosbcosg

The roll angle ¢, pitch angle 6, and yaw angle y can thus be derived

A, = ~-sinf cos ¢
A23 =sin ¢
A33 =cos fcos ¢
and
A, =-sinygcosd
Hence |
¢ = sin'l (A23) (21)
A
6 = tan™? [._13 (22)
Ajs

of the angle of ¢ is limited to - 90 <¢ < 90 then cos ¢ is always positive and

A21 AZ!

cos ¢ ' A Az A§3

sin\,b:_




Y / y

Figure 1. Attitude Error Representation: Roll ¢, Pitch 8, Yaw Y

Thus
A21
Y=sint [ (23)
I- A§3
Application

There are three reference vectors whose components in the desired orientation system can
always be known. They are the sun position vector, the earth magnetic field, and the downward
local vertical. In order that Equation (17) or (18) can be applied, the direction cosines of each
reference vector in the body axes must also be found. At present, three kinds of sensors have
been developed for this purpose. The sun sensor measuring the direction cosines of the sun posi-
tion vector, the earth sensor providing the information of the downward local vertical, and the
magnetometer giving the components of earth magnetic field. Since most spacecraft contains only
two kinds of sensor because of limited space, the given information can thus provide two available

reference vectors to be used mstead of three.

It should be noticed that the desired orientation system is different from one spacecraft to
the other. The transformation for calculating the components of the reference vector in that system
must be formulated according to the requirement of each spacecraft.



For example if a spacecraft is in a circular orbit with an on-board magnetometer, the
components of the earth magnetic field M in the body axes will be measured. Let M,, M, and M,

be such three components. Then
B = M/im|

and

(D]b = Dy = -[_l\ﬂ— My (24)

The spacecraft position unit vector R is known from orbit determination and will be indicated
in orbit 3A tape. IR , R,, and R, are the three direction cosines of vector R in the inertial co-

ordinate system at the time when the magnetometer makes its measurements, then

cos o = Rl/va +R§

sino =R,/VR? R?
(25)

cos 1/:R3

sin v:\/Rf +R§

Since the instantaneous position O, of the spacecraft is known, a local coordinate system X., Y.,

Z, with its origin at O can be defined where

fie is pointing toward north

Y. is pointing toward east

N1

-
e=Z0

At the point O, the direction cosines (M, M., M, ) of the magnetic field M in the X., Y., Z, axes
can be derived from the actual knowledge of the field. Suppose now the inertial coordinate system
is the desired orientation for the spacecraft body axes. The (M, M,, M;) of M in that system should

be calculated by using the following coordinate transformation

Ml‘l F-cosvcoso -sino -sinvcoso MN
* M2 = ! - cos v sin ¢ cos o -sinvsino M (26)
LM3 t' sin v 0 - COS Vv Mv



Hence

Dl Ml
D], = |D,| = | M, ‘ (27
D3 M3

Also assume that the spacecraft has on-board earth sensor providing the information for com-
puting the components L , L. , and L, of the downward local vertical Z o+ Then

E-7,=-F

] [r

El,= |E | = | L,

Ez Lz

and

FEI Rl
(El,= |E,| =- |R,
_Esd R,

Knowing D], , (DI, [E]_, and [E],, equation (18) can be computed immediately.

Next suppose that desired orientation of the spacecraft is changed from the inertial coordinate
system to the orbital coordinate axes because of the purpose for special experiment. The column
matrices [D],, [E], will remain in the same form, but (D], and [E], are different. In this
case

D1 sin i cosi O MN‘l

(D], = |D,| = {~cosi sini O M

D 0 0 1] M

where i is the orbit inclination (i.e. angle between orbit plane and equatorial plane), and

10
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Figure 2. The Xp, Y/E and Zp Axes in the Local Coordinate System

E 0
[El,;=|E,| =0
E 1

3

Substituting these values into equation (17) or (18) the problem of attitude determination is then

solved.

CONCLUSIONS

The approach described here may well be suited for attitude determination of non-spinning
spacecraft consisting of any two of the three on-board instruments; namely, the sun sensor, the
magnetometer, and the earth sensor for providing the informations of two reference vectors. The

only restriction for this approach is that the two selected reference vectors must not be parallel,

The idea of this approach was first practiced on Delta- PAC in Jan. 1969 when the author was
assigned to formulate the attitude determination equations and error prediction formulae for Delta-
PAC project. The derived equation were exercised with actual flight data obtained from Delta-PAC

11



after it was launched on Aug. 9, 1969. The results determined the attitude behavior of Delta- PAC
and evaluated its control system. However, the Delta- PAC attitude determination equations were
limited to be used only for that particular spacecraft and cannot be directly applied to others if
not modified. Therefore, the more generalized altitude determination equations for a three axes
stabilized spacecraft seem to be needed and are contained in this report which are expected to be

applicable for most non-spinning spacecraft.
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